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Tij = ρvivj + (p − ρc2

0)δij − τij
<HI
/1)F+?�T<HQC)	/1)F<H3H3bIL/19�+�I�I*/1+�8�IL6�9�a$,48�M

vi
a

p
a
τij

,C8�M
δij

,C91+i/1)�+[AC+@3H65.7<>/�OCa5EF9�+�I�I10F91+�aBA	<�I�.76C02I=I�/�91+NI1IR/1+�8�I16C9Y,482M&�P9�6C8F+N.VfC+�9-M5+�3_/V,FaF9�+�I1E$+�.�/�<>A�+@3HOCZ
p
8S+@g	/�+@8�I1<H6C8;6C\��T<HQC)	/1)F<H3H3�� Ib,�.76�0�I�/�<H.k,48�,C3>6�QCOCa�/16i<>82.76C9�E$6C9V,�/1+l/1)F+-+7��+�.7/b64\$IL6�3><�M[IL0�9L\�,�.7+�Ib:*,CITE�0FGF3H<HI1)F+�MSGBO r 0�913H+Ca

hN��j�je,C8�M`Q�+@8F+�9�,C3><Hd@+NMwGBOu��<H3>3H<H,CDJI@alhN�C���FZ?(*)�+�+@�$+N.�/[64\=.76�8BAC+�.7/1<H6C8u6�8�MF<>9�+�.7/1<HA	<>/�Ou:*,CI�<H8�/�9165M502.7+�M`GBOu��<>3H3H<H,CDWI�a
hN�C���FZ � 9�6CD�/�)F+[DW<HMFMF3>+;I1<_gB/�<>+NI-/16W/1)�+[+�,49�3HOJ8F<>8�+7/1<H+�I
,43H3T,4+@9�6�,�.76�0�I�/�<H.�IRMF+@AC+�3>6�EFDW+@8	/*:R+�91+�/1)�+@6C9�+7/�<H.�,43�Zk�i8&8F<H8F+@/1<H+�I
(K,4D ,C8�MJ��+@GFG a!h��C���[EF0FG�3><�IL)�+�Me,C8v6CEF/1<HD�<Hd@+NMJ^�8�<_/�+�M5<>��+@9�+@8�.@+�I�.V)F+@DW+�,48�M&IL<HDS0F3�,�/�+�MJ3H<H8F+�,C91<Hd@+NMJml0F3H+@9*mk�	0�,4/1<H6C8�I
I10FGFDW<>/L/�+�M�/16J,J¡P,402I1I1<H,C8&E�0F3HI1+[6C8�EF9�+�I�IL0�91+P,48�M�M5+�8�IL<>/�Ov^2+@3�MFI=,48�M�9�+7�¢I�/V,�/�+�MJ/�)F+;,4+�916	,C.@6C0�IL/1<�.
IL/10�MFOCZ

�i8�+v64\=/�)F+eDW6�IL/?I1<>Q�8F<>^2.@,C8�/�M5<_£v.@0F3_/�<>+NIS6C\Y,4+@9�6�,�.76�0�I�/�<H.WI16C3H05/1<H6C82I;<�I[/16z91+�EF9�+�I1+@8	/S.76�919�+�.7/13HOu/1)�+&,4+�916	,C.@6C0�IL/1<�.
�	0�,C8	/1<>/1<H+�I�Z �Y6C9�DJ,43H3>Ox/�)F+�I1+z�	0�,C8�/�<_/�<>+NI{,49�+zI16yI1DW,C3>3�:=)F+�8¤.76�DWE�,49�+�M�:=<>/1)¥��0F<�M¤MFO	82,4DW<H.z�	0�,48	/1<>/1<H+�I&/�)�,�/�\]6C9

h



/�9�,�M5<>/1<H6C8�,C3 r-�X� .765M5+NIT/�)F+-,�.76�0�I�/�<H.l+7��+�.�/VIX.76C0�3HM[G$+-8F+@Q�3>+N.�/1+NM!Zb(b6i/19V,48�I1E26�9L/K.76C9�9�+�.�/�3>Oi/1)�+-,C+@9�6�,C.@6C0�IL/1<�.U�	0�,48	/�<_/�<>+NI@a
/�)F+v�
,�AB<H+@91�¢oB/16Cf�+�I
+��	0�,�/�<>6�8�I[.@,C8`G$+vIL<HDWEF3H<_^�+NM!ZW(*)F+�^�9�IL/;IL<HDWEF3H<_^2.�,�/�<>6�8z<�I�/16{8F+�QC3H+�.�/�/1)�+JA	<�I�.76�I1<>/�O{/1+@9�DJI@abIL<H8�.7+
/�)F+;�=+�O	8�6C3�MFI*8B0FDSG$+@9VI*QC<HAC+�8&GBO��

Reλ ≈
|ρ∂u′

∂t |

|µ∂2u′

∂x2 |
≈

λ2f

µ/ρ
,

s��Ct
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λ
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µ/ρ
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• ν = µ/ρ = 1.4 × 10−5m2/s
�

• f = 1kHz
�

• c0 = 340m/s
�

• λ = c0/f = 34.4m
,48�M
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Reλ = 1× 107
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\]6C9�DJ,43*6C9VM5+�9�6�8°^28F<_/�+uM5<>�$+�91+�8�.7+wI�.V)F+@DW+{<HIW8�64/v,CI
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0 ≤ π/2
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π/16 ≤ π/2
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π/16 ≤ 3π/5
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a0 = 0

,C8�M
aj = −a−j

Z
r 6B+@\�Z � �=© �X� 6	�4E �X� 6�h�h@E �K� 6�hN�4E
a1

§FZÌÀ��C�	�4���4��� §�Z ÁC��hNj	À�§�hN�Cj4� §�Z ÁBÀ4��ÀCj4���C�C��� §�Z ��§	À��C���	j4�FhN�
a2

�¢§FZHh�Á��4��hN�Fh�� ��§�Z �4�C���BÀ�Á��C�Fh�À ��§�Z �CÁC��jFhCh�h�À���� ��§�Z ���	À4§4��Á��C�����
a3

§FZ §��4�	j5hN�C��j §�Z §	j4�4�	�C�	j4Á4�5À §�Z §��C§C�	�4§�§C§Fh�� §�Z>hN�C�4���	�CÁCÁ�jC�
a4

�¢§FZ §C§BÀ��	j4§C��§4�	§ �¢§FZ §��C§	À�À��4�	§�jCÁ ��§�Z §C�	j������C��Á�§��
a5

§�Z §�§����	Á4�Bj4�4�	� §�Z §�hChChN�C�	�4�4�2h
a6

��§�Z §�§Fh��	j4�	j4§�h�À
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k′∆x = k∆x
9�+�I10F3>/�IS<>8°,uQC6B65M«ILE$+�.7/19V,43
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k′∆x = k∆x
.@6C8�MF<_/�<>6�8Ta�\]6C9[.7+�8	/1+@9�+�M`+7g5EF3H<H.@<_/;I�.V)F+@DW+NIi:=<>/1)

2N + 1
IL/1+�8�.7<H3XE26�<>8	/�I
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k = 2×

M
∑

j=0

aj sin (jk) ,
s�hN��t
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sin m sin 2 × m · · · sin k × m
sin n sin 2 × n · · · sin k × nZZZ ZZZ Z Z Z ZZZ
sin z sin 2 × z · · · sin k × z

CCtt11 CCtt12 · · · CCtt1kZZZ ZZZ Z Z Z ZZZ
CCttk1 CCttk2 · · · CCttkk
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
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
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m, n, . . . , z

,49�+
E$6C<H8	/�I=.76�8BAC+@8�<>+�8�/�3>OJ.V)F6B6	IL+i6C8{ILE$+�.7/19�0FD :=)F+�91+i/1)F+P9�+@3�,�/�<>6�8
k′∆x = k∆x

<�IRA�,C3><�M!Z
CCttuv,C91+�/�)F+;.76B+7£v.@<>+�8�/=6C\b/�)F+;.76�8�I�/�9�,C<>8	/=.76�8�M5<>/1<H6C8{,48�M

aj
,C91+�/1)�+P^�8F<>/1+;M5<>�$+�91+�8�.7+[.@6	+@£v.7<H+@8	/�I�Z

(b6WM5+7^�8�+�,�IL<>gB/1)�6C9VM5+@9k^�8F<>/1+[M5<>�$+�91+�8�.7+PI�.V)F+@DW+�:=<_/�)zh�hiIL/1+@82.7<H3!E26�<>8	/�IR/�)F+iA�,C3>0F+NI-64\
m
a
n
a
p
a
q
,482M

r
,�M56CEF/1+�M

,C91+��

m = 0.2π, n = 0.35π, p = 0.45π,
s�h�jCt

q = 0.5π, r = 0.6π,

,CEFEF3HOB<>8FQ�/�)F<HIYD�+@/1)F65M!aF/1)F+;I1<_gB/�)�6�9�MF+@9Yo��Ð.@6B+7£v.7<H+@8	/�I
,49�+C�

a(1) = 0.89862767688255, a(2) = −0.32385996447943, a(3) = 0.12047995924059,

a(4) = −0.03334363299405, a(5) = 0.00458628520861.
s�h��	t
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∂U

∂t
= F (U) ,

s�h�À4t
:=)�+@9�+

U
9�+@EF9�+�I1+@8	/VIJ/1)�+�A�+�.7/16C9{.76�8	/�,4<H8F<H8FQ~/�)F+�IL6�3>05/�<>6�8¥A�,43H0F+NIe6C\;/1)F+«I1E�,�/�<H,C3
\]0�8�.�/�<>6�8�Iw,48�M¨^�8F<>/1+�M5<>�$+�91+�8�.7+

MF+@9�<>A�,�/�<>A�+�I�ZwpY8~+@gBE�3><�.7<>/S3H6�:*��IL/16�9�,CQC+SÔ$Õ�Ö�´�µ�×�³��=0�8FQC+@���P05/1/�,uI�.V)F+�D�+&,CM5A�,482.7+W/1)�+&I16C3H05/1<H6C8�\]9�6CD�/1<HD�+&3>+�AC+�3
tn

/16
tn + ∆t

<H8&/�)F+P\]6C9�D{�

u0 = un,
sLh�Á�t

ul = un + αl∆tF (uul−1

)
\]6C9=3]Ø?hCaHZHZ>a E

,

un+1 = up.

(b6S,C8�,43HOBd@+Y,482MJ.76CDWE�,C91+*/�)F+Y+@�$+N.�/R6C\�/1)F+�,C.@.@6C0FE�3>+�D�+�8	/l64\!/1)�+
�=0F8FQ�+7�¢�P05/L/V,;I�.V)F+@DW+=:=<>/1)J/�)F+Y^�8�<_/�+
M5<>�$+�91+�8�.7+
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CFL = 0.4
CFL = 0.6
CFL = 0.8
CFL = 1.0
CFL = 1.2
CFL = 1.4

DRP + RK 4th order 4 steps
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CFL = 0.4
CFL = 0.6
CFL = 0.8
CFL = 1.0
CFL = 1.2
CFL = 1.4

SO + RK 4th order 4 steps
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I�/�)F+ r-� �y8B0FD?G2+�9[<>82.79�+�,CI1+�I�I16CDW+�MF<HI�IL<HE�,4/1<H6C8`<�I
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∂u

∂t
+ A

∂u

∂x
+ B

∂u

∂y
+ σyA

∂q

∂x
+ σxB

∂q

∂y
+ (σx + σy)u +

s�hN��t

+σxσyq +
σxM

1 − M2
A(u − σyq) = 0,
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σx

,48�M
σy

,C91+eMF0FDWEF<>8�Q`\�,�.�/16�9�IS<>8~/1)F+
x
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• ∆x = ∆y = 1
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• Mach = 0.5
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• ∆t = 1/(1 + Mach).
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